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TECHNICAL NOTE D-1200

EXPERIMENTAL INVESTIGATION OF STRESS DISTRIBUTIONS NEAR
ABRUPT CHANGE IN WALI, THICKNESS IN THIN-
WALLED PRESSURTZED CYLINDERS

By William C. Morgan and Peter T. Bizon

SUMMARY

An experimental investigation was made (1) to evaluate previously
published theoretical procedures for the prediction of stress distribu-
tion for cases of radially symetric abrupt change in wall thickness of
thin-walled cylinders subject to internal pressure and (2) to investi-
gate the significance of stresses attributable to the presence of thick-
ness changes typical of design practice. One theory was adequate in it-
self for solution of the case of continuous middle surface; use of the
second theoretical procedure was required to determine the additional
stresses arising from discontinuous middle surfaces at the change in
thickness,

Comparisons were made between theoretical and experimental stress
distributions for cases with continuous middle and continuous inner sur-
faces for radially symmetric changes in wall thickness of a cylinder
subject to internal pressure for diameter to larger wall thickness ratios
of 117 and 28 and for the case of a continuous outer surface for a ratio
of 28. In all tests the ratio of wall thicknesses at the change in wall
thickness was 0.4.

There was reasonably good correlation between theoretical and ex-
perimental curves of stress distribution. On the basis of this corre-
lation, it was concluded that the applicable theories were valid. It
was shown that inclusion of the stresses arising from the condition of
discontinuous middle surfaces at a change in thickness has an important
effect on stress distribution.

In the case of a cylinder with a continuous outer surface, the maxi-
mum mean effective stress was of sufficlent magnitude to indicate that
this geometry should be avolded in design if possible. The maximum
mean effective stress was not increased to a significant degree by the
presence of a change in wall thickness in the other cases.



TNTRODUCTICON

An experimental investigation was made (1) to evaluate previously
published theoretical procedures for prediction of elastic stress dis-
tributions for two general cases of radially symmetric abrupt change in
wall thickness of thin-walled cylinders subject to internal pressure and
(2) to investigate the qualitative significance of additional stresses
attributable to the presence of changes in wall thickness typical of de-
sign practice. The two general cases were characterized by continuous
or discontinuous middle surfaces. In this report, middle surface will
be defined as the surface generated by a meridian midway through the
wall thickness of a ecylindrical section.

The methods of analysis were obtained from a recent study of theo-
retical stress distributions arising from wall discontinuities in shell~
type structures typical of space-vehicle design (ref. 1). The case for
s continuous middle surface has been described in another analytical
investigation (ref. 2), but a search of the literature indicated that
the analysis presented in reference 1 for the case of a discontinuous
middle surface apparently has not been considered in previously published
analyses. In the theoretical solutions, a number of factors were neg-
lected, among them the effect of stress concentration at the change in
thickness, the effect of fillets, and the absence of perfect radial sym-
metry.

The principal purposes of the present investigation were to provide
experimental verification of the theoretical analyses and to determine
whether simplifying assumptions with regard to the cylinder geometry
would cause significant disparity between predicted and experimentally
measured stress distributions. The scope of the investigation included
tests of cylinders with continuous and discontinuous middle surfaces
for nominal ratios of diameter to larger wall thickness of 117 and 28.

Tn the test cylinder with the ratio of 117 there were fillets at
changes in wall thickness. In addition, the cylinder was slightly out
of round, and the method of fabrication required the presence of a lon-
gitudinal Joint reinforcement. The cylinders with the lower ratio of
diameter to larger wall thickness were made more in accordance with the
assumptions of the theoretical analyses. The changes in wall thickness
were not provided with fillets, and cylinder diameters were held to
within 0,001 inch. The ratio between cylinder wall thicknesses at a
change in thickness was 0.4 for all the test cylinders.

Three conditions of wall thickness change were investigated: con-
tinuous middle surface, with material removed in equal amounts from the
inner and outer walls to form the thin section; discontinuous middle
surface, with material removed only from the outer surface and with a
continuous imner surface; and a second case of discontinuous middle
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surface, with material removed only from the inner surface and with a
continuous outer surface. Experimental stress distributions were de-
termined from strain data obtained with bonded electrical resistance

foil gages.

THEORETICAL STRESS DISTRIBUTION

The basic theoretical analyses are described In reference 1. The
original equations were modified slightly for the specific purpose of
the present investigation. A list of symbols and subscripts appears in
appendix A, and the modification of the analysis 1s presented in appen-
dix B. Figure 1 shows the notation and sign convention involved in the
theoretical procedure.

In the initial part of the calculation, the membrane stresses at-
tributable to pressure were found with the cylinder sections on each
side of the change in wall thickness treated as separate simple cylin-
ders. In order to complete the solution, the shears and moments that
arose at the change in wall thickness because of the difference in ra-
dial expansion between the cylinder sections were treated as edge loads
on unpressurized cylinders, and the resulting stresses were superimposed
on the membrane stresses.

The difference between the radii of the cylinder middle surfaces on
each side of the change in wall thickness was considered as creating ad-
ditional shears and moments acting as edge loads. In principle, the sum
of the stresses would include the membrane stresses, the stresses at-
tributable to difference in radial expansion at the change in wall thick-
ness, and the stresses caused by the difference between middle-surface
radii. In the actual calculation, however, it was more expedient to
determine the shears and moments present because of the discontinuous
middle surface and to combine them with the shears and moments resulting
from differential expansion. The complete solution then was obtained
by means of the principle of superposition.

EXPERIMENTAT. EQUIPMENT AND PROCEDURE

The tests were made for nominal ratlios of diameter to maximum wall
thickness of 117 and 28. The cylinders and the experimental equipment
are described in this section together with the procedure followed in
obtaining and reducing the data.



Targe Cylinder

The geometry of the larger cylindrical shell is given in figure 2.
The cylinder was made from a single sheet of 6061-0 aluminum rolled to
shape and welded along the longitudinal seam. Flanges were attached by
welding for installation in the test facility, and the complete assembly
was heat-treated to the T-6 condition.

Changes in cylinder wall thickness for the cases of continuous mid-
dle surface and continuous inner surface were obtained by chemical mill-
ing subsequent to heat treatment. Transitions between sections of dif-
ferent thickness had fillet radil approximately the same as the depth of
milling. The thin-walled sections were not circumferentially uniform
because of the presence of the longitudlnal weld.

The cylinder was not perfectly round, and the weld seam was an ad-
ditional variation from the theoretical assumption of radial symmetry.
These factors were considered in selectlon of straln-gage locations.
Outside diasmeters were measured at four axial locations at intervals of

o}
22% around the cylinder with no internal pressure. The measurements

were repeated at a pressure of 50 pounds per square inch within the cyl-~
inder. The variation of diameters from average was found for both pres-
sure levels. On the basis of these data, a meridian was selected in a
part of the cylinder that appeared most nearly to conform to a circular
arc over approximately 450, had fairly constant variation from average
diameter, and was remote from the weld.

The locations of strain gages along the meridian are shown in fig-
ure S(a). Two strain gages were mounted at each point, one oriented
meridionally, the other circumferentially, as close to the meridian as
physical size of the gages would permit. Simllar gage installations
were made on the interior and exterior surfaces. Strain gages for the
inner wall were mounted first. Radlographs then were made that showed
gage locations with reference to triangular lead foll markers on the
outer surface. The radiographs were used as templates for locating gages
on the outside of the cylinder. Figure 4 shows the final installation
on the exterior surface. Additional axially oriented gages were mounted
in areas of membrane stress on the outer surface. The locations of
these gages are shown in figure 5, together with the location of the
meridian along which the biaxlal strain measurements were made.

The cylinder was installed in the facility shown in figure 6. Lead
wires from the inner-surface gages were brought out through a bulkhead
fitting in the lower head of the test cylinder. During the test a pro-
tective cover was lowered over the facility.
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Small Cylinders

The geometries of the three small cylinders made for the experi-
mental investigation are given in figure 7. The discontinuitles were
abrupt, with minimum fillet radii at the transitions; this condition
is in accordance with theoretical assumptions. These cylinders were
machined from 2014-T6 extruded aluminum tubing and provided with heads
of the type shown in figure 8. These end closures have been found sat-
isfactory for relatively high pressure operation. Assembly and disas-
sembly were effected by bringing the parts to a temperature within the
melting rage of the alloy that forms the seal.

The locations of strain gages on the inner and outer surfaces along
a meridian are shown in figure S(b). Two gages oriented to measure the
principal biaxial strains were installed at each point, and the inner
and outer gages were mounted in as near the same locations as possible
by the use of radiograph templates, as previously described. Selection
of meridians for locating the strain gages on the three small cylinders
was arbitrary, as there were no radial discontinuities and preliminary
diameter measurements indicated that the cylinders were true to within
+0, 001 inch. Figure 9 shows a typlcal strain-gage installation on the
outer surface of a cylinder ready for testing. Reference is made to
figure 8 for the method of bringing out the lead wires from the strain
gages inside the cylinder.

Testing Bquipment and Procedure

The straln measurements were made with 120-ohm electrical-resistance
bonded foll strain gages. The gages were mounted with cyanoacrylate
cement. In the case of the three small cylinders, gages with l/lG—inch
effective length were used throughout, and in the installation for the
larger cylinder these gages were used in regions where steep stress gra-
dients could be expected to occur or where physical limitatlon of area
made it advisable. Gages with elements 1/8 inch in length were used
elsewhere.

The strain-gage lead wires were brought to a terminal box near the
facility and connected through a five-wire system to a multichannel dig-
ital strain recorder in an adjacent control room. This equipment, used
for balancing, calibrating, controlling, scanning, and recording the
strain-gage output, was accurate to #1.0 percent of strain-gage output.
The output was recorded automatically on both a typed record and a

punched paper tape.

Internal pressure to the test cylinders was supplied by a hydraulic
system. The pressure gages used in the experiment were calibrated and
found to have a maximum error of less than 0.5 pound per square inch.



The test procedure consisted of raising the internal pressure to a pre-
determined value and returning to zero pressure. The basic cycle was re-
peated for progressively higher pressures until a predetermined maximum
had been reached. The purpose of maeking successive increases 1in pressure
was to provide data for correction of any nonlinearity in strain-gage
output. Data were recorded at every pressure level,

Data were obtained for the larger cylinder at pressures of 100, 110,
120, 130, 140, and 150 pounds per square inch and for the three smaller
cylinders at 200, 300, 400, 500, 600, and 621 pounds per square inch.
The level of maximum stress was approximately the same for all the test
cylinders.

A computer program was prepared for reduction of the data. This
program read in the data from duplicate tests, corrected for zero drift,
corrected for nonlinearity using the method of least squares, averaged
strains from the two tests, and converted these strains to stresses using
the following relations:

Meridional stress

E
ox = — (€x + veg 1)
X l_vz(X ) (
Circumferential stress
E
99 =31 - 42 (eg + vey) (2)

RESULTS AND DISCUSSION

Upon completion of the tests, the experimental results were compared
with the theoretically predicted stress distributions for the maximum
test pressures.

Large Cylinder

The presence of the longitudinal weld was a departure from the con-
dition of radial symmetry in the thin sections, and the presence of fil-
lets at the changes in thickness was not in agreement with the assump-
tion of abrupt thickness change. In addition, measurements and obser-
vations made prior to and during the tests indicated that the cylinder
also had imperfections. Figure 10 shows the results of diameter measure-
ments made at internal pressures of O and S5O pounds per square inch. The
divergence from average diameter was of the order of 1 percent, and the
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figure indicates that pressure-dependent changes may occur. Figure 11
shows meridional strain data obtained during the tests in areas of mem-
brane stress, at locations described previously (fig. 5). These data
indicate a lack of uniformity that may have been caused by variations in
meridional elements or possibly by thickness variation.

The comparlson between the predicted and experimental stress dis-
+ribution for the reglon with continuous middle surface appears in fig-
ure 12; the comparison for the case of continuous inner surface 1is
shown in figure 13.

There appeared to be general qualitative agreement between the theo-
retical and experimental curves for stress distribution for the case of
continuous middle surface (fig. 12). For both inner and outer surfaces,
the experimental stresses were equal to or greater than the predicted
values, except for the distribution of the circumferential stress on the
inner surface, where experimental values were always lower.

In the case of discontinuous middle surface with continuous inner
wall, the results of the experimental investigation showed fair qualita-
tive correlstion with predicted curves of stress distribution (fig. 13).
Measured circumferential stresses generally were low, except at the outer
wall of the thick section of the cylinder. The experimental meridional
stresses in the inner wall were low for the most part. Observed values
of stress for meridional distribution in the outer surface were higher
than theoretical, except for three points near the membrane area of the
thin section.

Small Cylinders

The results obtained from the tests of the small cylinders, together
with the predicted stress distributions, are presented in figures 14, 15,
and 16, for the cases of continuous middle surface, continuous inner sur-
face, and continuous outer surface, respectively.

Curves faired through the experimental results indicated good quali-
tative correlations, and the meridional stress data showed good agree-
ment with the values predicted by theory for the small cylinder with con-
tinuocus middle surface (fig. 14}, The experimental results for circum-
ferential stress distributions were found to be low, however, except for
the inner wall of the thicker cylinder section, for which the measured
predicted curves were nearly coincident.

The curves obtained by experiment for the case of continuous Inner
surface were nearly similar in shape to the curves predicted by theory,
providing reasonable qualitative correlation (fig. 15). The actual stress



distributions generally were somewhat lower than predicted, except for
the meridional stresses in the inner wall of the thin section and the
outer wall of the thicker section close to the change in thickness.

Curves of stress distribution for meridional and inner-surface cir-
cumferential stresses showed good correlation between observed and pre-
dicted values in the case of continuous outer surface (fig. 16). Quan-
titative agreement was not as close for outer-surface circumferential
stress distribution, but the shapes of the theoretical and experimental
curves were nearly the same,

The geometry of the small cylinders conformed closely to the theo-
retical assumptions, with the exception that the ratio of diameter to
larger wall thickness of 28, for the small-cylinder tests, was near the
lower limit for application of analysis based on thin-wall theory. It
was declded to determine the change in predicted stress distribution
that would result if these cylinders were considered as thick-walled.
It was found that the membrane stresses would be changed to an appreci-
able extent, but the effect would not be as great in the calculation of
shears and moments arising from change in wall thickness. A more de-
tailed discussion appears in appendix C. '

Comparisons between the experimental results and stress distribu-
tions determined by this modified calculation are presented in figures
17, 18, and 19 for the cases of continuous middle surface, continuous
inner surface, and continuous outer surface, respectively. In general,
there appeared to be a slightly better correlation. The ma jor effect
appeared to be a change in the curves of circumferential stress distri-
bution.

Discussion

This section of the report presents a more general review of the
results already discussed briefly. In all cases, there appeared to be
reasonable gualitative correlation between theoretical and experimental
curves of stress distribution, indicating the presence of virtually con-
stant errors in the data. The most marked examples of discrepancy may
be found in the curves for circumferential stress. The experimental
results were low, with the single exception of the curve for outer-
surface circumferential stress in the thin section of the large cylinder
with a continuous middle surface (fig. 12). There was no readily appar-
ent explanation for this variation between predicted and observed stress
distributions. The possibility exists that there may have been some end
effect, although a prior analysis indicated that this factor should be
negligible.
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Average magnitudes of percent variations, meridional and circumfer-
ential, for each case of change in wall thickness and for all cylinders
are presented in table I. An examination of the table indicates that
maximm variation occurred most frequently for measurements in the outer
surface. The most marked effect of the small-cylinder modified calcula-
tion was a decrease in variation for outer-surface circumferential
stresses.

Table II presents a comparlson of magnitudes of overall percent
variation. Maximum average variation occurred in the results obtained
from the large-cylinder tests. Using thick-wall equations for the mem-
brane stresses in the small cylinders produced a general decrease in
variation between experimental and predicted stress values.

In the cases of change in wall thickness characterized by continu-
ous middle surface and continuous inner surface, the increases in maxi-
mum stress compared to membrane stress were not excessive. In the case
of a cylinder with continuous outer surface, however, it appeared that
the increase in inner~surface meridional stress might be of considerable
importance. Therefore, it was decided to compare the predicted curves
of stress distribution in the small cylinders on the basis of effective
stress as determined from the von Mises distortion energy theory, be-
cause of the present trend in design practice for missile structures to
allow stresses close to the yield point. The comparison, based on values
obtained from the modified calculatlons, 1s presented in figure 20. This
comparison shows that there is a significantly higher effective stress
in the thin section of the cylinder immediately adjacent to the change
in thickness for the case of a continucus outer wall. It 1s apparent
that, if a specific design requires an abrupt change in cylinder wall
thickness, material should not be removed from the inner surface only,
because of the considerable increase in effective stress level and the
decrease in the margin of safety for the specified thickness of material.

In general, it appeared that in the tests made with the larger cyl-
inders the degree of correlation between theoretical and experimental
stress distributions was affected to some extent by the presence of fil-
lets at changes in thickness and by the presence of a longitudinal joint
reinforcement. It 1s probable, however, that Iimperfections such as lack
of radial symmetry and meridional variations were more important sources
of apparent experimental error. Correlation was somewhat better for the
cases of change in wall thickness tested in small cylinders.

SUMMARY OF RESULTS

Comparisons were made between theoretical and experimental stress
distributions for cases with continuocus middle and continuous inner sur-
faces for radially symmetric changes in wall thickness of a cylinder
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subject to internmal pressure for ratios of diameter to larger wall thick-
ness of 117 and 28 and for the case of a continuous outer surface for a
ratio of 28. The wall-thickness ratio at the change in wall thickness
was 0.4 in all cases.

The degree of correlation established the validity of the analytical
procedures, although the larger cylinder was not made in strict accord~
ance with theoretical assumptions and in addition had many imperfections
attributeble to errors in fabrication. The average variation of experi-
mental results from predicted values of stress was less than 10 percent
for all cases, and less than € percent for the tests with cylinders for
which the fabrication was in close accordance with theoretical assump-~
tions.

Tt was shown that inclusion of the stresses arising from the condi-
tion of discontinucus middle surfaces has an important effect on the
prediction of stress distribution. In the case of a cylinder with con-
tinuous outer surface, the maximum mean effective stress would be con-
siderably higher, compared to the other cases of change in wall thick-
ness, and this geometry should be avoided in design, if possible. In
the other cases considered, the presence of thickness changes did not
result in significant increases in maximum mean effective stress.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, January 17, 1962
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APPENDIX A
SYMBOLS

a radius of cylinder, in.
b mean radius of middle surfaces, (al + az)/z, in.
c thickness ratio, hl/h2
d difference in middle surface radii, a, - a;, in.
E modulus of elastlcity, psi
h thickness of cylindrical wall, in.
1 middle surface radius ratio, a,/as
M bending moment in wall of cylinder, in.-lb/in.
N axial stress resultant in wall of cylinder, 1b/in.
P uniform internal pressure, lb/sq in.
Q radial stress resultant in wall of cylinder, 1b/in.
X distance along meridian from discontinuity, in.
B %/3(1 - v%)/afn?, in."1
0 (px) e~PX cos Bx
€ strain, in./in.
\ Poisson's ratio
a normal stress, psi

o (Bx) e=BX(cos Bx + sin Bx)
¥(px) e"PX(cos px - sin px)
Q(px) e P¥ sin px
Subscripts:

a discontinuity

i inner surface

11
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m membrane

o] outer surface

t total

X meridional direction

2} circumferential direction
0 Junction

1 thicker region

2 thinner region
Superscript:

! denotes thick-wall solution

B80GT-H
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APPENDIX B

ANATYTICAL DETERMINATION OF STRESSES FOR
THIN-WALLED CYLINDER

A sketch of the configuration with a discontinuous middle surface
having material removed from the inside is shown in figure 1(a). In or-
der to find the membrane stresses the structure was imagined to be sepa-
rated at the discontinuity, and each part was treated as a cylinder with
closed ends subject to internal pressure. The merldional membrane
stresses for the thin and thick sections are

Pal
Ox,m,1 = Thy (B1)
Pao
dx,m,Z = 2hy (32)
and the circumferential membrane stresses are
Pa
1
Ue,m,l = '—hl (B:’))
ra,
%o,m,2 = hy (B4)

In addition to these membrane stresses, discontinuity stresses arise be-
cause of the change in thickness and because of the possible discontinu-
ous middle surface at the change in thickness. General equations for
the discontinulty forces are presented in reference 1, For a cylindri-
cal shell, these equations reduce to

EE%;![(C ) l)(CS/Z + 1] dezcs/é(cl/2 + 1)

% = (cZ + 1)2 + 2c5/2(c + 1) P (c? + 1)2 + 2c3/2(c + 1)

p (BS)
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2 - v

- 2 - z
45% [(c - 1)(c 1)) dﬁ; (c2 + 2cl/2 4 1)
Mo,1 = (¢ + 1)2 + 2¢3/2(c + 1) P TR 4 12 + 2633 + 1) v ()
27-7)' 2
e CERNCHEES) I SRV
Yo, 2 = (c? + 1)2 + 2¢3/2(c + 1) o (c + 1)2 + 2¢3/2(c + 1) p (B7)
where
h
c = H%. (B8)
and
d = as = 87 (Bg)

TIn these equations the middle-surface-radlus ratio is taken equal to
unity. A ratio not equal to unity is discussed in appendix C.

If the middle surface is continuous across the thickness change,
ap = a7 and 4d = 0. Then the second terms in equations (B5) to (B7)

drop out and the remainder agrees with the results given for this case
in reference 1., Tt is apparent that the first terms in equations (B5)
to (B7) are due to the change in thickness, and the last terms result
because the middle surfaces of the two portions of the cylinder are not
continuous at the change in thickness. If radius ao 1s less than aj,

d 1is a negative quantity and the directions of the components of shear
end moment due to the dilscontinuous middle surface will change.

Having determined the discontinuity shear and moment, the disconti-
nuity stresses can be calculated by treating each portion of the shell as
a separate cylinder loaded with an edge shear and moment. The sign con-
vention used to compute stresses is that edge shear and moment are posi-
tive if they produce outward deflection. Referring to figure 1(pv), it
can be seen that the assumed direction of the discontinuity shear on the
thin section is inward. Therefore, using the sign convention chosen to
determine the stresses,

9,1 = "%,2 = % | (B10)

805T-d
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The stresses in & right circular cylinder loaded by edge shear and mo-

ment are given In reference 1 as:

Meridional stress

o, 12 (B1x)

l

I%,d,1 =

Oy,a,2 = * 5 |Mo, 20 (Bax)

Circumferential stress

2
yAH )
171 6v
%,4,1 = Mo, 1] ¥(Byx) £ ;g o(p1x)
2 —
2Bsa.
272 By
99,d4,2 = M0,2| ™ ¥(Bpx) * 2 o (Box)

2

1
+ Bl Qo’19<ﬁlx)-

1 ]
+ B QO,ZQ(BZX)-

ZBla

+ Qo1 Ty 8(Byx)
B
ZBZa2

+ Qo,z h2 G(BZX)

These stress equations are applicable at any distance
slgns occur, the upper slgn re-
fers to the inner surface of the cylinder, and the lower sign refers to

loaded edge of the cylinder. Where ¢

the outer surface.

Q0 were obtained from the tables of reference 3.

1+

I+

6v

z
Byhy

6v

5
Boho

(B11)

(B12)

-

Q(B1x)

(B13)

.

Q(Box)

(B14)

x from the

In meking the computations, values for ®, @, ¥, and

-

The complete stress distribution for an ebrupt change in wall thilck-
ness in & thin-walled pressurized structure was found by adding the

stresses due to discontinuilty to the membrane stresses.

complete stress distribution is:

Meridional stress

9%,t,1 = %,m,1 *

O%,t,2 = %%,m,2

Gx,d,l

+ 0x,3,2

Therefore, the

(B15)

(B16)
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Circumferential stress

%,t,1 =

99,t,2 =

%,m,1 *+ 95,43,1

O9,m,2 + 99,4, 2

(B17)

(B18)

80ST-H
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APPENDIX C

ANATYTTICAL DETERMINATION OF STRESSES FOR
MODERATELY THICK-WALLED CYLINDER

The analysis presented in this appendix 1s not rigorous for thick-
walled cylinders. Tt merely corrects the membrane stresses for the
thick-wall effect and gives a more accurate determination of the discon-
tinuity shear and moment by using beth middle surface radii rather than
an average value.

E-1508

The cylindrical shell was imagined to be separated at the discon-
tinuity, and each part was treated as a finite-length thick-walled cylin-
der subJected to internal pressure. The wall stresses for this case are
given in reference 4 as:

-

Meridlonal stress

- a
i,1
= le—
T%,m,1 = |72 2 P (c1)
a, - &
0,1 i,
a?
r o (=222 (c2)
I%,m2 = \ 2 2 P

Circumferential stress at inner surface

. 8,1 * 811
%,m,1,1 = \ 2 z P

’ —
Ue,m’z,i - 2
@]



18

Clrcumferential stress at outer surface

2
Za
i,1
1 = 2
UG,m,l,o gl . - a2 P (cs)
o,1 i, 1

: = |12
de,m, 2,0 N p (ce)

The discontinuity shear force and bending moment acting on each
part of the shell are determined using the correct middle-surface radius
for that part:

zzélv (c - 12)(c5/2272/2 4 1)

P

Q! - -q -
0,d, 1 4,2 2 :
T 7 (1 + cz) + le/zcs/z(l + le)

db52c3/211/2(1 4 317

+ - 5 o) (C7)
(1 + ¢2)° + 211/2:3/2(1 4 10)
2o (e - 12)(cP17t - 1)
4B
M! = 1 P
0,d,1 = Z
Y (1 + c®)° + 221/2:3/2(1 & 1c)
dbc2
= (1 + ¢ + 213/2.1/2)
- B 2 P (C8)
(1 + c?) + 221/2c3/2(1 + 1c)
2 a
= (c - 18)(c?171 - 1)
By
Mb a,2 = ) P
’ (1 + c2) + 211/2:3/2(1 4+ 1)
D (1% 41?4 211/2:3/2)
+ D (c9)

(1 + c2)2 + 221/2c3/2(1 + lc)

ONOT AT
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If the radius ratio 1 is taken to be unity, equations (C7) to (C9) re-~
duce to equations (B5) to (B7) previously obtained. In any thin-walled-
cylinder problem, such an assumptlon results in negligible error.

The combined stresses are now found as before using equations (Bll)
to (Bl4); however, the primed values for shear and moment are substltuted
for the unprimed values. Adding the wall stresses found from equations
(C1) to (C6) to the discontinuity stresses just obtained gives the com-
plete stress distribution for this case.

REFERENCES
1. Johns, Robert H., and Orange, Thomas W.: Theoretical Elastic Stress
Distributions Arising from Discontinuities and Edge Ioads In Several
Shell-Type Structures. NASA TR R-103, 1961.

2. Timoshenko, 8., and Wolnowsky-Krileger, S.: Theory of Plates and
Shells, Second ed., McGraw-H11l Book Co., Inec., 1959,

3. Hetenyi, M.: Beams on Elastic Foundation. Univ. Mich. Press, 1946.

4, Timoshenko, S.: Strength of Materials. Pt. II. Advanced Theory and
Problems. Third ed., D. Van Nostrand Co., Inc., 1957.



20

TABLE I.

- AVERAGES OF MAGNITUDES OF PERCENT VARTATION

OF EXPERIMENTAL STRESS FROM THEORETICAL VALUES

Surface Average, from thin- Average, from

location wall calculation modified calculation

Meridi- Circum- Meridi- Circum-

onal ferential onal ferential
Lé}ge cylinder Inner 5.1 5.977 -—- -—
with continuous Outer 11.4 4.3 -—- -——
middle surface Both 8.3 5.1 -— -
Large cylinder Inner 3.0 11.8 -— -——
with continuous OQuter 19.0 4.0 -— -——
inner surface Both 13.8 8.1 -— ——
Small cylinder Inner 3.2 2.1 4.0 2.1
with continuous Outer 5.9 10.5 5.2 5.8
middle surface Both 4.5 6.3 4.6 3.9
Small cylinder Inner 4.0 3.9 4.3 2.9
with continuous Outer 9.9 10.9 4.8 5.4
inner surface Both 6.9 7.4 4.5 4.1
Small cylinder Inner 5.8 3.7 4.8 4.0
with continuous Quter 4.0 7.6 4.0 4.6
outer surface Both 4.9 5.6 5.6 4.3

TABLE IT. - OVERALL AVERAGES OF MAGNITUDES OF PERCENT VARTATION

OF EXPERIMENTAL STRESS FROM THEORETICAL VALUES

Continuous Continuous Continuous Average
middle surface |inner surface |outer surface
Large cylinder 6.7 10.9 --- 8.8
Small cylinders 5.4 5.3 7.2 5.9
Smallréylinders, 4.3 4.3 i 5.0 4.6

modified calculation
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Figure 2. - Geometry of larger cylindrical shell.
(Dimensions in inches.)
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- Location of perpendicularly oriented strain gages along meridians of test cylinders. (Dimensions

in inches.)

Fgure 3.
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Figure 10. - Results of dlameter measurements made on large cylinder at pressures of 0 and
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Figure 12, - Comparlson between theoretlcal and experimental stress distribu-
tion for large cylinder with contlinuocus middle surface.
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Figure 13. - Comparlson between theoretical and experimental stress distribu-
tion for large cylinder with continucus inner surface.
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Figure 14, - Comparison between theoretlcal and experimental stress distribu-
tion for small cylinder with continuous middle surface,
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Figure 15. - Comparison between theoretical and experimental stress distribue~
tion for small cylinder with continuous 1inner surface.
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Figure 18, - Modlfied-calculation comparlson between theoretical and experi-
mental stress distribution for small cylinder with continuous inner surface.
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